
EFFICIENT STATE SPACE-BASED SIMULATION:
AVOIDING REDUNDANCIES IN THE PROXEL METHOD

Robert Buchholz
Claudia Krull

Graham Horton

Otto-von-Guericke University
P.O. Box 4120

39016 Magdeburg, Germany
email: {robert|claudia|graham}@isg.cs.uni-magdeburg.de

KEYWORDS

Model analysis, Model evaluation, Approximation tech-
niques, Markov chain, Discrete stochastic model

Abstract

The simulation of discrete stochastic systems is an im-
portant tool to make predictions on possible system
behavior in science and industry. The most widely
used simulation technique, the discrete event simulation,
computes possible simulation results by using random
numbers. Consequently, the simulation results are also
only random numbers. Alternative state space-based
simulation techniques can directly compute the actual
system behavior. They are, however, computationally
infeasible for most bigger models.

In this paper, we present a modification to one
promising state-space simulation technique, the Proxel
method. Our modification, called MultiProxel, uses a
clustering approach on the set of possible discrete sys-
tem states (markings) to avoid redundancies inherent to
the Proxel method.

Experiments were conducted showing that the Multi-
Proxel approach lets the simulation be performed be-
tween two and five times faster for realistic models, with-
out any loss in accuracy. If no redundancies in the model
can be exploited, the method has been demonstrated to
incur only a small computational overhead.

The MultiProxel approach thus has the potential of
making deterministic state-space analysis of existing
models more efficient, and to enable the analysis of big-
ger models that more accurately reflect real systems.

INTRODUCTION

Modeling and simulation of discrete stochastic systems
(DSMs) is an important tool in Engineering, Logistics
and other areas. It is used to analyze possible future
behavior of existing systems, evaluate consequences of
possible changes to real systems, or even analyze sys-
tems that do not yet exist.

The simulation technique of choice is usually the discrete
event simulation (DES) which uses random numbers to
generate a possible system development, and then per-
forms numerous simulation runs with different random
numbers in order to compute an accurate mean system
behavior. The reliance on and influence of random num-
bers make DES often undesirable to use. For models
containing rare events, DES is often unfeasibly slow.

An alternative to DES are state space-based simulation
methods. Those can directly compute the mean sys-
tem behavior without having to resort to replications
or random numbers. These techniques, however, have
their own disadvantages: they are either limited in their
expressiveness (e.g. can only simulate Markovian sys-
tems) and thus are not applicable to the majority of
discrete systems, or are computationally too expensive
to be useful in practice.

One promising state space simulation method is the
Proxel method in (Horton 2002, Lazarova-Molnar 2005).
Its expressiveness is not limited to specific probability
distributions and its superior efficiency on some models
has been demonstrated in (Lazarova-Molnar and Hor-
ton 2004). However, the method is still unfeasibly slow
for most models.

The goal of this paper is therefore to increase the effi-
ciency of said method. This is done by developing an
extension to that method which avoids a certain type of
computational redundancy. This will make state space-
based simulation feasible for more models. It will also
allow for the analysis of bigger, more realistic Hidden
non-Markovian Models (c.f. (Krull and Horton 2009a)),
which use the Proxel method as their primary solution
method.

RELATED WORK

Since the influence of randomness on simulation results
is sometimes undesirable, state space-based simulation
techniques were developed that can compute the desired
simulation result directly, without any influence of ran-
domness.



Continuous-Time Markov Chains (CTMCs) are one ma-
jor state-space modeling and solution approach (Bolch
et al. 1998). Their results are not influenced by ran-
domness and result computation is efficient. However,
CTMCs limit all state transitions to be memoryless, i.e.
to have an underlying exponential probability distribu-
tion. This limitation prevents CTMCs from accurately
modeling most real systems and thus causes CTMCs to
not be applicable to the majority of discrete stochastic
systems.
One way to extend the applicability of CTMCs is to
convert all general probability distributions of a model
to a well-adjusted chain of exponential distributions, a
so-called phase-type distribution. This way, many dis-
crete models can be represented as CTMCs and can be
solved using CTMC solution algorithms. The down-
sides of phase-type distributions are that they increase
the model’s state space, and that the computation of
the chain parameters is time-consuming itself (Bobbio
et al. 2002, Isensee and Horton 2005).
The Proxel method was developed in order to over-
come the limitations CTMCs have. Simply extending
CTMCs using the method of supplementary variables
from (German 1995) in order to model age-dependent
state change probabilities poses algorithmic difficulties
and would generate stochastic matrices that are too big
to be handled. Therefore, the Proxel method creates
only the necessary parts of these matrices on the fly.
This allows for the efficient simulation of some discrete
stochastic systems, but is often unfeasibly slow.
One big disadvantage of the Proxel method compared
to CTMCs is that due to the dynamic generation of
relevant parts of the matrix, certain intermediate results
need to be computed over and over again. In this paper,
we are consequently developing a modification to the
Proxel method that removes some of these redundancies.
As a first step to this extension, we will briefly review
the Proxel method. Since discrete stochastic models can
often intuitively be represented as Generalized Stochas-
tic Petri Nets (GSPNs) with arbitrary firing times, the
Proxel definition borrows some terms from the defini-
tion of GSPNs. So, in the description of the Proxel
method, the different discrete states are called “mark-
ings” and the state transitions between them are simply
called “transitions”

REVIEW OF THE PROXEL METHOD

The Proxel method facilitates state space-based simula-
tion of DSMs with arbitrary probability distributions
(Lazarova-Molnar 2005). The basic approach of the
Proxel method is to divide simulation time into time
steps of equal size and then to trace possible system
developments for each time step in parallel.
The possible system developments are stored in tuples
(m, τ,Π) called “Proxels”. Here, m represents the mark-
ing, i.e. the discrete system state. The entry τ is the age

vector containing the most recent duration of inactivity
for all active or otherwise relevant state transitions, i.e.
the time during which a given state change could have
happened, but did not. Finally, the entry Π is the prob-
ability of the combination of marking and age vector.
Simulation starts by determining a suitable simulation
time step and providing a Proxel for the start state,
usually with an age vector τ containing only zeros, and
with a probability of one.
The simulation is then iteratively performed for each
time step: For each Proxel of a time step, the probabil-
ities of all possible single1 state changes during a time
step (and the probability of no state change occurring
at all) are computed using numerical integration of or-
dinary differential equations (Buchholz 2008). The out-
comes of these state changes are then stored as Proxels
for the next time step.
The pseudo-code for a single Proxel simulation step is
shown in Algorithm 1. For a complete simulation, this
algorithm simply needs to be executed iteratively for
each time step till the desired end of the simulation,
with the output currentStep of one time step being the
input inputProxels of the next one.

Algorithm 1: Simulating a single time step using the
standard Proxel algorithm

Data: inputProxels, ∆t
foreach Proxel p ∈ inputProxels do

Πtrans = getTransitionProbabilities( p.transitions,
p.ageVector);
stayProb = 1 - sum(Πtrans);
if (stayProb > 0) then

currentStep.addOrMerge
(createInactivityProxel( p, ∆t));

foreach Transition trans ∈ p.transitions do
currentStep.addOrMerge(
createTransitionProxel(p, trans, Πtrans[trans]));

return currentStep;

One issue with a naive implementation of the Proxel al-
gorithm is that each Proxel of a given time step causes
multiple Proxels for the next time step to be created
(one for each possible state change and one for inac-
tivity), resulting in an exponential growth of the num-
ber of Proxels per time step. To curb this exponen-
tial growth, Proxel merging is used: all Proxels of a
given time step that represent the same age vector and
marking are merged into a single Proxel by accumulating
their probability. Algorithmically, efficient merging re-
quires an efficient way of finding these duplicate Proxels.
In the current implementation, this is done by storing
all Proxels of a give time step in a binary search tree in-
stead of a generic container. This slightly increases the

1The Proxel method does not compute the probability of mul-
tiple state changes occurring during a single time step. This is a
known source of inaccuracy, especially for big time steps.



time complexity of adding a single Proxel from O(1) to
O(log(n)), but reduces the time complexity for finding
duplicates from O(n) to O(log(n)).

Reflections on the Performance of the Proxel
Method

The Proxel method can efficiently simulate some models,
but for most bigger models, the approach is too slow to
be feasible.
To determine the major performance bottlenecks, our
Proxel simulation software was profiled using the tool
Valgrind (Nethercote and Seward 2007). Profiling
showed that about 80% of the computation time of a
Proxel simulation run is spent on computing the state
transition probabilities and on inserting Proxels into the
search tree. Thus, a reduction of the number of Proxels
and the number of state transitions probabilities to be
computed could significantly speed up Proxel computa-
tions.

THE MULTIPROXEL APPROACH

Observations Leading to this Project

The extensions to the Proxel method developed here to
speed up Proxel computations are based on two obser-
vations on the behavior of a Proxel simulation:
First, it was found that while the state transition prob-
abilities to be computed depend on all active state tran-
sitions (which are determined by the marking) and po-
tentially all elements of the age vector, they do not ac-
tually depend on the marking itself. In the example of
customers waiting in line to be served at a bank counter
in Figure 1, different numbers of waiting customers need
to be represented by different markings, but these num-
bers do not influence the probability of the current ser-
vice ending or a new customer arriving in the next time
step.
Thus, one may cluster these markings of a simulation
model that agree in the types and parameters of all of
their active state transitions. This allows for the tran-
sition probabilities to be computed only once for each
cluster of markings (instead of for each marking individ-
ually, as is done so far). These transition probabilities
are then applied to all markings of a cluster, preventing
redundant probability computations.
Second, when dealing with these clusters, the target
markings for a given state transition for markings of
one cluster tend to fall into a single other cluster. Put
another way, if the target marking of a marking m1

through state transition t is m′
1, then the target mark-

ings of other markings in the same cluster as marking
m1 through state transition t are likely to fall into the
same cluster as m′

1. In the bank example in Figure 1, all
markings but the one for “0 Customers Waiting” form a
cluster, and the state transitions for almost all of them

0 Customers
Waiting

1 Customers
Waiting

2 Customers
Waiting

3 Customers
Waiting

...

0 Customers
Waiting

1 Customers
Waiting

2 Customers
Waiting

3 Customers
Waiting

...

tn tn+1

Figure 1: Schematic representation of the state space for
the “Bank” example. Ovals represent markings, rectan-
gles group them into clusters. Dashed lines represent the
state transitions for “Customer Arriving”, solid lines the
ones for “Customer Served”.

lead to markings inside a single cluster. This behavior
can be exploited by modifying the Proxel data struc-
ture to contain information on all markings of a cluster
instead of just a single marking. Then, many computa-
tions can be performed efficiently on clusters of Proxels.

Both ideas together, the clustering of markings to pre-
vent redundant computations, and the joint treatment
of markings belonging to the same cluster, are the basis
of our new MultiProxel approach.

Defining the MultiProxel Approach

Identifying Marking Clusters One necessary pre-
processing step for MultiProxel simulations is to find
sets of markings with identical state transition behav-
ior, i.e. markings that agree in the types and parameters
of the probability distributions of all of their transitions.
Our approach is to serially number all state transitions
and then to assign a cluster ID number to each marking
based on the state transitions active for that marking.
Specifically, the cluster ID for a marking is the binary
string B = b0b1b2...bn where each bi is 1 if state transi-
tion i is active for that marking, and is 0 otherwise. All
markings with identical ID then form a cluster.

MultiProxel Definition Next, the MultiProxel data
structure needs to be defined. While a Proxel was
defined as the tuple (m, τ,Π) containing the marking,
age vector and the probability of the combination, a
MultiProxel should hold data on all markings of a clus-
ter. Therefore, we define a MultiProxel as the tuple
(cluster, τ, S) were cluster identifies the cluster that all
markings of a MultiProxel belong to, and S is a set of



(m,Π) pairs, storing the probability Π for each marking
m of cluster.

At any given point in simulation time, the set of all
MultiProxels contains exactly the same information as
would the set of all Proxels of a normal Proxel simula-
tion. Each representation can easily be converted to the
other one. Consequently, the simulation results will also
be identical.

The Algorithm

The usual Proxel simulation algorithm from (Lazarova-
Molnar 2005) as shown in Algorithm 1 needs to be mod-
ified only slightly to make use of MultiProxels: transi-
tion probabilities are computed only once for each Multi-
Proxel, and then are used for each marking that is part
of the MultiProxel. And since the target states that can
be reached through a single transition from all markings
of a MultiProxel are likely to be concentrated in very
few MultiProxels, only these few MultiProxels need to
be located in the search tree.

The pseudocode for a single MultiProxel simulation step
is given in Algorithm 2. As for the Proxel pseudocode
in Algorithm 1, for a complete simulation this algorithm
simply needs to be executed iteratively for each time
step, with the output currentStep of one time step being
the input inputMultiProxels of the next one.

Algorithm 2: Simulating a single time step using the
MultiProxel algorithm

Data: inputMultiProxels, ∆t
foreach MultiProxel mp ∈ inputMultiProxels do

Πtrans = getTransitionProbabilities(
mp.cluster.transitions, mp.ageVector);
stayProb = 1 - sum(Πtrans);
if (stayProb > 0) then

currentStep.addOrMerge
(createInactivityProxel( mp, ∆t));

foreach Transition trans ∈ mp.cluster.transitions
do

mpprev = NULL;
foreach Marking m ∈ mp.cluster.markings do

mtarget = m.getTarget(trans);
if (mpprev.cluster = mtarget.cluster) then

mpprev.addProbability(mtarget,
mp.probability(m) * Πtrans[trans]);

else
mpprev = currentStep.addOrMerge(
createTransitionProxel(mp, mtarget,
trans, Πtrans[trans]))

return currentStep;

Here, mpprev is used to cache the previous target Multi-
Proxel to prevent multiple successive lookups of the
same target MultiProxel and thus allowing to often find

target MultiProxels in constant time.
In an efficient implementation, all markings of a cluster
would be numbered serially so that the set of all (m,Π)
pairs of a MultiProxel can be implemented efficiently as
a simple array that stores the probability of marking i
at index i, and can be accessed in O(1).

Impact Conducting state space-based simulation us-
ing MultiProxels instead of Proxels allows for much more
efficient simulations: with MultiProxels, each state tran-
sition probability needs only be computed once for each
MultiProxel, no matter how many markings are part
of the associated cluster. Thus, the overall number of
transition probabilities to be computed is reduced sub-
stantially.
Also, as was stated before, with respect to a single state
transition, the target markings of most markings of a
cluster fall into a single other cluster. Consequently, for
a given state transition, the target for most markings
of a MultiProxel are also only a few or even a single
MultiProxel. Thus, only those different MultiProxels
needs to be found explicitly in the search tree with a
time complexity of O(log(m)) in the number of Multi-
Proxels. The probability for each marking can then be
added to the MultiProxels in O(1).
Finally, the MultiProxel approach will cause two dif-
ferent types of small computational overhead compared
to the normal Proxel approach: First, a constant ad-
ditional amount of time needs to be spend to create
the clusters. Second, overhead by a constant factor is
caused by MultiProxels, because they are more costly
to compare to each other (since they contain more el-
ements) and have to maintain (m,Π) pairs with zero
probability. The Proxel approach would simply not have
created Proxels with a probability of zero, but Multi-
Proxels need to be created as soon as there is some prob-
ability left in at least one of the markings it represents.
This overhead, however, is not substantial compared to
the potential benefits, as shown in the next section.

EXPERIMENTS

Experiments were conducted to assess benefits and ap-
plicability of the MultiProxel algorithm. For that pur-
pose, the following questions were investigated:

• How high is the overhead of the MultiProxel
method?

• How high is the performance gain for typical mod-
els?

• How high is the performance gain for models par-
ticularly suited for the approach?

For each question, a suitable simulation model was
chosen, and was simulated with both the Proxel and
MultiProxel algorithms. For all experiments conducted,



the actual computed simulation results for the Proxel
and MultiProxel simulations were identical, giving addi-
tional confidence that the MultiProxel approach indeed
solves the problem at hand correctly.

Experiment Setup

Multiple models were simulated to asses the efficiency
of the MultiProxel approach. Each model was simu-
lated multiple times, varying the simulation step size
and thereby the result accuracy. The particular step
sizes for the experiments were chosen in order to yield
computation times that are high enough to eliminate
the random influence of concurrently running programs
on the computation time.
For the same reason, all computation times measures are
not the overall simulation duration (wall clock time),
but the CPU usage times of the respective simula-
tion processes. All experiments were conducted on a
Core2Duo 3 GHz CPU. However, both simulation pro-
grams are single-threaded, using only one of the CPU
cores. The CPU was manually set to always run at
full speed in order to eliminate the influence of dynamic
CPU throttling on the computation times.
The implementations of the Proxel and MultiProxel al-
gorithms share most of their source code. They use iden-
tical code for Proxel storage, numerical integration, and
probability distributions. Different code is used only
when the differences in the algorithms make it neces-
sary. This way, the differences in computation time
can indeed be attributed to the different theoretical ap-
proaches with great confidence.

Computational Overhead

The question of computational overhead is important in
order to determine which fraction of markings needs to
be clusterable for the model to be simulated more effi-
ciently using the MultiProxel approach. The overhead
itself is best determined using simulation models where
no markings can be clustered and thus the MultiProxel
approach does not provide any benefits, but still imposes
the overhead. This way, the difference in computation
time between the Proxel and MultiProxel approaches for
such a model yields the computational overhead.
One example of such a model is the three marking fully-
connected model (cf. Figure 2). As the state transition
probability distribution are all different, the model can-
not be clustered. Therefore, of the three markings that
are reachable in this model, each is the only marking in
its respective cluster in a MultiProxel simulation.
The model was simulated with each algorithm and two
different simulation step sizes. Each combination was
simulated three times and the computation times of the
three runs were then averaged to yield the results shown
in Table 1.
For both simulation step sizes, the difference in com-

Figure 2: Stochastic Petri Net of the “Fully Connected”
model.

Step Size
Computation Time Overhead(+)

Proxel MultiProxel Gain(-)
2 3.7s 4.2s +13.9%
1 29.4s 33.1s +12.6%

Table 1: Computation Times for the “Fully Connected”
Model.

putation time amounts to about 13%. Since clustering
is not applicable to this model, these 13% of loss in
efficiency represent the computational overhead of the
MultiProxel method. And since the relative overhead of
about 13% is the same factor for both step sizes, it can
be assumed that no overhead by a constant value (as
opposed to overhead by a constant factor) of the Multi-
Proxel approach was observed. Thus, the constant over-
head of clustering the markings on the computation time
is negligible compared to the overall simulation time.

Memory Consumption Overhead

The differences in memory consumption between the
two algorithms are highly implementation-dependent
and therefore are not analyzed here in detail. In a
naive implementation, a simulation program would only
allocate as much memory as is required to store all
(Multi)Proxels, and a MultiProxel would only be as big
as necessary to store its probability vector. Under these
circumstances, a MultiProxel simulation with its more
compact representation will always require equal or less
memory than a Proxel simulation.
Our implementation, however, is optimized to reduce
memory allocation time overhead and not size. To that
end, it always allocates 2n (Multi-)Proxels at a time,
and all MultiProxels of a simulation have identical size,
with a probability vector size corresponding to the max-
imum number of markings in a cluster. Thus, memory
consumption overhead or reduction of the MultiProxel
approach depends strongly on the number of clusters
and the distribution of markings between them. Gener-
ally, in our implementation, memory consumption of the
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Figure 3: Stochastic Petri Net of the “Warranty” model.

Step Size
Computation Time Overhead(+)

Proxel MultiProxel Gain(-)
5 12.5s 5.5s −55.9%
2 79.7s 37.3s −53.1%

Table 2: Computation Times for the “Warranty” Model.

MultiProxel method tends to be of the same magnitude
as for the Proxel method.

Performance on Typical Models

To analyze performance of the approach on typical mod-
els, we chose the “Warranty” model previously analyzed
using the Proxel method in (Lazarova-Molnar and Hor-
ton 2004). It is a real-world simulation model measuring
the costs incurred due to defects of a machine part under
warranty. The model is actually used in industry and
was not developed with MultiProxels in mind, making
it a good candidate to assess MultiProxel performance
under general conditions. Figure 3 shows a Petri Net of
the model.

The model’s state space consists of five markings (first,
second, third, fourth year of warranty, and “out of war-
ranty”), which can be folded into two clusters. Thus, a
theoretical computation time reduction of up to 3/5 can
be assumed.

The actual computation times for different simulation
step sizes are shown in Table 2. The simulation using
the MultiProxel took about 55% less time in both cases,
almost reaching the theoretical maximum of 60% for this
model. Again, computation times between Proxel and
MultiProxel differ by a constant factor, indicating that
this is due to the constant-factor overhead of compar-
ing and managing MultiProxel. Therefore, the additive
step size-independent clustering overhead appears to be
negligible compared to the overall simulation time even
for models where clustering does succeed.

Machine 1 
Working

15

#Items 
in Buffer

Machine 1
Defect

Fail

Repair Produce
Item

Consume
Item

Figure 4: Stochastic Petri Net of the “Buffer” model.

Performance on Suitable Models

Finally, the approach’s performance on particularly
suited models was assessed. Here, we chose a typical
buffer dimensioning problem (cf. Figure 4): one ma-
chine in a factory produces items that another machine
consumes, with both processes being influenced by ran-
domness. The first machine may fail occasionally, or
may sometimes produce items too slowly, so that the
second machine would have to wait for input at certain
times. In order to compensate this variability, a buffer
is installed between both machines, allowing temporary
storage of a certain number of items produced by the
first machine. This model can be used to analyze the
influence of different buffer sizes on the throughput of
the whole system.
The model is particularly suited for MultiProxel simu-
lations, because increasing the buffer size will only in-
crease the number of markings, but not the number of
clusters. Specifically, for buffers with a capacity of n ≥ 2
items, the model consists of 2n + 2 markings that can
always be folded into only five clusters. Thus, the perfor-
mance gain should increase when increasing the buffer
size.
In our experiments, the “Buffer” model was simulated
using only a single simulation step size, since previous
experiments established that the step size does not im-
pact the relative gain in efficiency. The size of the buffer,
however, was varied between experiments to determine
the influence of the state space size on the efficiency
gain.
The results are shown in Figure 5. For very small buffer
sizes, computation times of both approaches are almost
identical. With increasing buffer size, however, the com-
putation time for the Proxel algorithm increased much
faster than that for the MultiProxel one. For a buffer
size of 19 items, the computation time of the Multi-
Proxel approach is about 80% less than that of the nor-
mal Proxel approach. For higher buffer sizes, the effi-
ciency actually decreases slightly.
For this model, an 80% reduction in computation time
seems to be the upper limit. The most likely reason
for this limit is that when the buffer size is increased
beyond a certain point, most markings of many Multi-
Proxels become impossible to reach. Thus, many Mul-
tiProxels will be sparsely populated and represent the
same information as would only a few Proxels, reduc-
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ing the MultiProxel performance gain over the Proxel
approach.

CONCLUSION AND OUTLOOK

In this work, we developed and implemented a variation
of the Proxel method for the state space-based simula-
tion of discrete stochastic models. The new MultiProxel
approach promises to be more efficient than the stan-
dard Proxel approach, since it avoids certain redundant
computations of the Proxel method.

The experiments have shown a relatively small computa-
tional overhead of the MultiProxel method compared to
the Proxel method, if the model contains no redundan-
cies that the MultiProxel approach may exploit. Fur-
ther experiments have shown a reduction in computa-
tion time of about 50% for typical models, and of up
to 80% for - still realistic - models with an advanta-
geous state space structure. Memory consumption was
explained to be highly implementation dependent, but
to be similar for both approaches in comparable imple-
mentations.

The new approach is based on a fully automated clus-
tering algorithm, requiring no tuning or additional user
input beyond that of Proxel simulations. Consequently,
simulation software can transparently replace their core
Proxel algorithm by a MultiProxel one. Since the
new approach imposes only a slight overhead and only
in some cases, and demonstrated a remarkable per-
formance increase otherwise, we recommend the new
MultiProxel algorithm to be used as the default algo-
rithm for a general-purpose Proxel simulator.

Model Classes Benefiting from MultiProxel Ap-
proach

The MultiProxel approach is applicable to all discrete
stochastic models, and for most models, the gains in
efficiency will outweigh the slight computational over-

head. Furthermore, there are some classes of systems
that will particularly benefit from MultiProxel due to
the structure of their state space:

Generalized Stochastic Petri Nets Most DSMs
that are represented as a generalized stochastic Petri
Net with arbitrary firing distributions have a particu-
lar model structure. Most transitions in GSPNs exhibit
only three different types of behavior:

• They are active

• They are inactive, because there are not enough
tokens in a place to satisfy firing conditions

• They are inactive since an inhibitor arc blocked
them due to too many tokens being in a place

Thus, independent of how many tokens may populate
a place, such a part of a model can be represented by
three state clusters, while a standard Proxel simulation
requires as many markings as there can by tokens in a
place.

Queuing Systems Queuing systems (Law and Kel-
ton 2000) are discrete stochastic systems that model
queues (waiting lines) or networks thereof. Here, a
queue consists of a buffer to store items, and one or
multiple servers that process these items individually
and afterwards either remove them from the system or
forward them to another queue. Queuing systems have
manifold applications, among others in the simulation
of computer networks and logistics.
Similar to stochastic Petri Nets, the types of possible
state transitions for queuing systems follow a simple
structure. A queue may be:

• empty and thus cannot produce output.

• partially used and thus may receive input and pro-
duce output.

• full and thus cannot receive input.

A standard Proxel simulation would need to represent
each possible number of items in a queue as an individ-
ual marking. The MultiProxel approach on the other
hand requires only three clusters for the three cases men-
tioned above, independent of the queue’s capacity.

Hidden non-Markovian Models Hidden non-
Markovian Models (HnMM) are a new paradigm to
model and analyze systems whose runtime behavior can-
not be observed directly, but for which some system be-
havior produces observable output (Krull and Horton
2009a). Unlike older approaches, HnMMs allow for the
hidden model to be any discrete stochastic system with
arbitrary firing times. HnMMs enable the analysis of
certain characteristics of the system behavior that pro-
duced a given sequence of observed output.



Currently, the majority of HnMMs is analyzed using
a slightly modified Proxel method (Krull and Horton
2009b). Here, in many cases, the result of interest is
some aggregate of the possible system behavior over a
given simulation time, subject to the observed output.
For example, in (Buchholz et al. 2010), the simulation
tried to find the probable number of defective items
produced by a certain machine. The current number
of defects at a given situation (Proxel) and simulation
time was encoded into the discrete state of each Proxel.
This, however, means that the number of discrete sys-
tems states is increased by a factor corresponding to
the quantity measured (in the example the maximum
number of defective items produced by one machine).
This quantity, however is only stored for statistical anal-
ysis of the simulation results. It has no influence on
further system behavior. Consequently, using the Multi-
Proxel approach to solve HnMMs, all system states that
encode the same marking with different histories could
be represented by a single state cluster. Thus, with the
MultiProxel method, the computational overhead of Hn-
MMs on the Proxel method can almost be eliminated.

Benefits

The increased efficiency of computations due to the
MultiProxel approach result in shorter computation
times to obtain the same accuracy as before, so that
results are now available and may be used sooner. By
reducing the simulation step size, results may also be
obtained at higher accuracy in same time and thus al-
low for more accurate predictions within the same time
frame. Finally, using the gain in efficiency, bigger, more
realistic models may be simulated using state space-
based techniques for the first time.

Future Work

The MultiProxel approach captures and prevents redun-
dancies in situations where the transition probabilities
for different markings for a given age vector are iden-
tical. It does not yet prevent redundancies for cases
where age vectors between Proxels may differ, but tran-
sition probabilities are nevertheless identical, either by
coincidence, or because the age vector contains ages of
state transitions that are not currently active. Further
research may also show ways to reduce redundancies in
computations performed for different time steps, or even
between slightly different models. It might also be ad-
vantageous to identify simulation intermediate results
that are not necessarily identical, but very similar, and
to exploit these similarities.
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