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Abstract. Hidden non-Markovian Models (HnMM) are a modeling paradigm
based on Hidden Markov Models. They extend the existing Hidden Markov Mod-
els by changing the hidden model from a memoryless discrete-time Markov chain
to a more flexible discrete stochastic model involving time dependent transition
rates. HnMM enable the analysis of not completely observable real systems only
based on their interaction with the environment. Possible application areas of
HnMM are the analysis of machine behavior based on protocol data, or diagnosis
support of a disease based on symptoms of a patient; both of which are hard or
impossible to answer using existing modeling paradigms. Some of the questions
that can be answered using HnMM touch failure or unusual system behavior,
which might both involve rare events. This paper is aimed at investigating the
effect of the existence of rare events on HnMM and on the performance of the
analysis methods. By doing this, we want to test the applicability of HnMM to
the analysis of problems involving rare events.

1 Introduction

Hidden non-Markovian Models (HnMM) are a recent extension of the well known Hid-
den Markov Models (HMM). HMM are widely used in speech and pattern recognition
[Jel76,JBM75,Koser]. They enable the modeling and analysis of processes, which are
not directly observable, but only through their interaction with the environment. HMM
contain discrete-time Markov chains as hidden models. Therefore, they are mathemat-
ically tractable and verified algorithms exist for the solution of the three HMM tasks
(see Section 2.1). However, the restriction to DTMCs as hidden models imposes that
they can only directly represent Markovian processes, which involve constant transi-
tion rates. Therefore, the modeling power of HMM is severely limited. Attempts to
overcome this limitation are aimed at more flexible state durations and have been de-
veloped with the focus on better speech recognition capabilities [RC87,RM85]. To date
we have not found an application of HMM or their extensions to the analysis of dynamic
processes such as they exist in the field of engineering and logistics.

The extension of HMM to HnMM enables the analysis of more realistic models
of dynamic systems [Sim05,WIS+06,IWH06]. By allowing time dependent transition
rates, the modeling power is greatly increased. At the same time, the analysis of the
models becomes more complicated and expensive regarding computational resources.



Some possible application areas of HnMM are the analysis of machine failure pro-
tocols or symptoms of a patient. One could use the failure protocols produced by a
machine to predict the possible source of the problem and estimate the necessary repair
effort and cost. A record of symptoms and physical observations of a patient could be
used for diagnosis support or prediction of the reactions to a treatment. This is not easily
possible using existing modeling and analysis methods, when continuous models with
time dependent transition rates are involved.

In previous research we have focused on the so-called Proxel-based simulation. It
uses supplementary variables to build a DTMC from a discrete stochastic model involv-
ing time dependent transition rates [LM05]. The method is particularly well suitable for
the analysis of problems involving rare events, since it deterministically discovers all
possible system developments within a certain accuracy [WH06]. Thereby rare events
and system states are discovered easily and at no extra expense. Using this knowledge
we have developed a solution algorithm based on Proxels that can solve two of the
three tasks associated with HMM. We assume that the existence of rare events in the
general discrete stochastic models has an influences on some of the relevant parameters
of HnMM and on the developed analysis algorithms. In this paper we want to investigate
these effects.

2 State of the Art

2.1 Hidden Markov Models

An HMM is a doubly stochastic process that is sometimes also called a signal model
[Rab89]. The internal/hidden process is a DTMC that emits signals in every step ac-
cording to given probabilities that characterize the second stochastic process. An HMM
can be formally described by a 5-tuple (S, V,A,B,Π):

S = {s1 . . . sN} is the set of DTMC states.
V = {v1 . . . vM} is the set of output symbols.
A = {aij}N×N is the transition probability matrix of the hidden DTMC.
Π = {πi}N is the initial probability vector of the hidden DTMC.
B = {bi(k)}N contains the symbol output probabilities for each. DTMC state

Two other HMM constructs are a series of DTMC states Q = {q1 . . . qT } (also called
a state sequence) and a corresponding sequence of output symbols O = {o1 . . . oT } of
the same length (also called a trace).

The 3-tuple λ = (A,B,Π) is also called the model, since the choice of these HMM
components determines the behavior of the system, regardless of the naming of the
states and output symbols.

There are three main tasks that can be performed using HMM:

– Evaluation: Determine the probability of a certain symbol output sequence O for a
given model λ = {A,B,Π}.

– Decoding: Determine the most probable system behavior (in terms of the state se-
quence Q) of a given model producing a certain sequence of output symbols O.



– Training: Given a certain symbol output sequenceO, train a model λ = {A,B,Π}
such that it produces the output sequence most likely.

Efficient algorithms exist to solve each of these tasks for the original HMM paradigm
containing DTMCs as hidden models.

The so-called Forward algorithm is used to solve the Evaluation task. It uses a
greedy approach to compute the overall probability that the given output sequence O
has been produced by the model λ. This is useful when for a given output (e.g. recorded
speech / audio signal) one is trying to find the best matching model of a given set (e.g.
possible word meanings of the audio signal).[Rab89]

The Viterbi Algorithm is the solution for the second task. It also uses a greedy
approach to find the one most likely state sequence Q of a given model λ that has
produced a given symbol sequence O. This information is often used in understanding
and tuning models for speech and pattern recognition. [For73]

The last task is by far the most complicated and expensive to solve. The Forward-
Backward Algorithm (or Baum-Welch Algorithm) is a local optimization method. It
improves an initial guess of the model parameters using a series of successive refine-
ment steps. [BPSW70]

HMM are limited in that they have DTMCs as a discrete hidden model. Most real
systems however are continuous and not easily converted into a DTMC. The continuous
equivalent of a discrete-time Markov chain is a continuous-time Markov chain (CTMC).
These are however restricted to memoryless state changes, which limits their modeling
power severely. We want to relieve this shortcoming by using more general hidden
models. We call this extension Hidden non-Markovian Models (see Section 3).

2.2 Discrete Stochastic Models

Discrete stochastic models (DSM) are a very powerful modeling paradigm. DSMs are
discrete in the models state space and continuous in time. By allowing time dependent
transition rates they can exactly represent a number of real life processes. In order to
build a DSM, one has to be able to observe the complete system to be modeled. To find
the exact parameters of the model, one has to be able to observe and measure the appro-
priate processes of the real system. Examples for DSMs are stochastic Petri nets (SPN)
and their extensions or queuing models. Queuing models are widely used in the analysis
of data traffic in networks. The performance measures of a queuing system are usually
determined using analytical methods. This limits the application to known classes of
queuing models and where the solution formulas are mathematically tractable. SPNs
can be found in models for the reliability of components of more complex mechanisms,
like a car. Relevant information on the performance measures of an SPN are usually ob-
tained using Monte Carlo simulation methods such as discrete event simulation. DES
performs independent replications to determine statistical estimates for the relevant re-
sult measures. Using DES, it is not easily possible to determine how exactly an observed
output (e.g. error protocol) could have been produced. The variety of application areas
and the modeling power make DSM a good candidate for more general hidden models
in HnMM.



2.3 Proxel-Based Simulation

The Proxel-based simulation method [Hor02,LM05] is a state space-based simulation
method for discrete stochastic models. It deterministically follows all possible system
development paths in discrete time steps and calculates their probability. Proxels use
supplementary variables [Ger95] to encode the age of an activated transition in the
expanded system state and thereby implicitly build a DTMC representing the extended
system state space. A Proxel (probability element) P is one such object in the expanded
system state space. It contains information about the discrete model state dS, the age
of the relevant transitions τ and the probability of that combination p. In addition one
could also store the point in simulation time t and the route R of system states by
which this Proxel was generated. However, route R and simulation time t are rarely
explicitly included in practical implementations, t is usually global and by omitting R,
the reachable model state space is reduced considerably.

P = (dS, τ , t, R, p) (1)

The Proxel simulation algorithm works by iteratively computing the next possible
system states and generating the appropriate Proxel elements. The result of one simu-
lation run is the probability of each system state at each discrete point in time. This is
an advantage over common discrete event simulation, since there one needs to perform
replication to provide statistical estimates for relevant system performance measures.

One problem of Proxel-based simulation is the so called state space explosion. The
extension of the system state by supplementary variables for the activated transitions
increases the size of the state space dramatically. This limits the applicability of Proxels
to models with few discrete system states. Proxels can also be viewed as a method to
turn a continuous model with arbitrary transition rates into a DTMC. Our knowledge in
this area will help in devising solution algorithms for HnMM.

3 Hidden non-Markovian Models

We propose the paradigm of Hidden non-Markovian Models (HnMM) as an extension
of HMM to more general discrete stochastic models as hidden component. This exten-
sion needs to be done in two steps. In HMM the symbol emissions are associated with
the system states. In DSM however, the state changes are of interest, which makes it
necessary to associate the symbol emissions with the state transitions. This first step
results in expanded HMM, described in [KH07]. The second step, the change from a
DTMC as hidden model to a DSM has not yet been formalized. However, solution algo-
rithms for the three HMM tasks based on Proxels and discrete phase-type distributions
have been described in [WIS+06,IWH06].

The new modeling paradigm HnMM has two major advantages over existing ap-
proaches. Compared to a non-Markovian discrete stochastic model, the real system does
not have to be completely observable. The systems interactions with the environment
can be used to determine unknown system behavior. Furthermore, observations such as
protocol data can be directly linked to internal system behavior. Compared to HMM, a
non-Markovian hidden model can represent many real systems more realistically, since



it is continuous in time and may contain generally distributed processes. HnMM there-
fore combine advantages of both HMM and DSM.

The symbol sequences of HMM and HnMM are different. An HMM output se-
quence contains a list of output symbols, one for each discrete step of the DTMC (e.g
ABDDB). The decoding task is to match this output sequence to the sequence of model
states that produced it most likely. An HnMM output sequence contains symbols which
are associated with the time stamp at which they were emitted due to a state change
(e.g. (A, 2)(B, 5)(D, 11)(D, 15)(B, 21)). This sequence can now be associated with a
series of events (state changes) of the hidden DSM which produced it most likely.

Using HnMM, new questions can be answered, which were not solvable using exist-
ing paradigms. Some examples of these questions are the following, each representing
a possible application area:

– Service industry: Determine the most probable system behavior that produced a
certain failure protocol sequence, in order to estimate cost and duration for the
repair of a machine. Of interest is here the unobserved machine behavior producing
a certain output. (Task2: Decoding)

– Industrial production: Build a model of not observable machine behavior using
protocol data, in order to check manufacturer specifications. This requires to train
an HnMM using existing data records (Task3: Training).

– Medical care: Determine a probable course of a disease based in given symptoms
of a patient, in order to support the diagnosis of a physician. This might involve
matching one of several possible diseases (in the form of HnMMs) to the recorded
symptoms of a patient. (Task1: Evaluation)

Especially the analysis of unusual system behavior or failures often involves models
containing rare events. The existence of rare events in the hidden model will affect the
probabilities of the output sequences and generating paths. We assume that depending
on the position of the rare event within the model, this effect can be either positive or
negative.

3.1 Evaluation and Decoding Using Proxels

In this paper we are using Proxel-based simulation for the evaluation and decoding of
Hidden non-Markovian Models. [WIS+06] describes a very similar method, there are
however some differences in the implementation.

The Proxel HnMM algorithm takes as an input a fully specified HnMM and an
output symbol sequence with time stamps. In the current implementation the HnMM is
described as an SPN with symbol emissions associated to all or some of the transitions.

Given an initial system state, the Proxel algorithm starts to determine the next pos-
sible states and their probabilities. At the same time the validity concerning the given
output sequence is checked, and only valid successor Proxels are stored. System devel-
opment paths, which could not have produced the given output sequence are discarded
to save memory. This reduces the number of child Proxels produced in each step.

In order to perform the decoding task, it is necessary to store the route information,
which contains all state changes that led to a certain Proxel. This increases the storage



space needed per Proxel and brings with it another problem; in the original algorithm,
Proxels with the same discrete state and age are combined by adding their probability,
reducing the number of Proxels per time step considerably without loosing information.
When adding the route information, this is no longer possible. Therefore we developed
a method of merging routes for two Proxels with the same discrete system state and
age vector. This keeps the number of Proxels per time step low, but the storage space
needed per Proxel is still larger than in the original Proxel algorithm.

The result of the Proxel HnMM algorithm is a list of possible end states of system
development paths that could have produced the given the output sequence. For Evalua-
tion the probability of these paths needs be added up, resulting in the overall probability
to produce the given sequence with the given model. For Decoding, the most likely de-
velopment path and its probability need to be found. A backtracking step unwinds the
merged paths and results in a list of all possible generating paths discovered and their
respective probability. This enables the investigation of more than just the one most
likely development path. This is an advantage, since the difference in path probability
is often only marginal and the next probable paths could also be of interest.

All of these steps in the algorithm could be influenced by the existence of rare events
in the model. This will be investigated in the next section.

4 Experiments

The experiments are aimed at investigating the influence of rare events on the HnMM
Proxel algorithm. The HnMM result parameters of interest are the probability of the
output sequence, the number of possible generating paths and the maximum path prob-
ability. The relative path probability is the maximum path probability divided by the
total trace probability. It shows how probable the most likely generating path is in re-
lation to the other possible generating paths. The relevant algorithm performance mea-
sures are the number of Proxels generated per time step and the computation time and
memory requirement of the calculation.

4.1 The Example Model

The experiments were performed using the simple machine model shown in Figure
1. The model is a stochastic Petri net of a machine that can be either OK, Failed or
under Maintenance (Maint). The processes in the model are distributed according to
Normal distributions, except for the time to failure, which is exponentially distributed.
The costs of the maintenance and the repair represent the observable output of the model
and are generated when finishing either process, meaning the firing of the appropriate
transitions.

In the experiments we varied the rate of the failure rate from being comparable to
the racing maintenance cycle to being several orders of magnitude slower than the other
processes in the model. We also tested the symbol output as shown in Figure 1 and the
output being directly associated to the rare event. In the second set of experiments we
investigated symbols that are produced with decreasing probabilities, and which are
associated to events that are not necessarily rare. The output of such a rare symbol can
also be viewed as a rare event in the scope of HnMM.



Fig. 1. Example HnMM of a Machine Maintenance Model

4.2 Example Probability Development Path

Figure 2 shows the development of the number of generating paths and the number
of concurrent Proxels during the simulation. The output sequence that produced the
development shown is: (10 ¤, 24)(30 ¤, 48)(100 ¤, 72). The first symbol is produced
by the maintenance cycle, the third by a failure and the second one can be produced
by either. The figure shows that the number of possible generating paths and Proxels
rises steadily and reaches a maximum, as long as no symbol is observed. At the points
in time, when an output is observed, these measures drop sharply. This is due to the
fact, that the symbol output renders many of the discovered generating paths invalid,
thereby also reducing the number of Proxels to only one. This result of the pruning of
no longer possible development paths speeds up the methods performance and reduces
memory requirement. In the long run however, the number of possible development
paths increases as the simulation time advances.

Fig. 2. Number of Possible Development Paths and Proxels During the Simulation



4.3 Experiment Using Original Model

In the first set of experiments using the model from Figure 1, the rate of the failure event
is varied from 0.05 to 0.000001. Several different output symbol sequences (traces)
were tested.

The trace contains symbols that can only be generated by a path containing the rare
event. As the failure event becomes rarer, the total trace probability and maximum path
probability first increase and then decreases again (see Figure 3 (left)). The relative
path probability decreases and levels out at 0.0116 (see Figure 3 (right)). The compu-
tation time is not affected by the rareness of the event but the memory needed for the
computation decreases steadily (see Figure 4 (left)).

Fig. 3. Development of Trace Probability, Maximum Path Probability (left) and Relative Path
Probability (right) for Decreasing Failure Rate

Fig. 4. Development of Algorithm Memory Requirement (left) and Number of Generating Paths
(right) for Decreasing Failure Rate



The trace contains symbols that can be produced by paths containing rare or no rare
events. As the failure event becomes rarer, the total trace probability and maximum
path probability first increase and then decreases again (compare Figure 3). The num-
ber of possible generating paths steadily decreases, probably due to the pruning of paths
below a given probability level (see Figure 4 (right)). The relative path probability de-
creases and levels out around 0.01 (compare Figure 3 (right)). The computation time
and memory needed for the computation decrease steadily.

The trace contains no symbols generated by a path containing the rare event. As the
failure event becomes rarer, the trace and maximum path probabilities rise and seem
to reach a maximum (see Figure 5). But the probability range is not nearly as large as
when the generating path contains rare events. The relative path probability on the other
hand decreases and levels out at about 0.15. The memory needed for the computation
decreases steadily, but the computation time is not affected.

Fig. 5. Development of Trace Probability and Maximum Path Probability for Decreasing Failure
Rate

4.4 Symbol Output Associated to Rare Event

In this experiment set, the rate of the failure event is varied from 0.05 to 0.000001. In
contrast to the model in Figure 1, the symbol outputs are now associated to the failure
and begin maintenance events. The same cases were tested as in the previous experiment
set, with the same general behavior. The difference between the two experiment sets is
that the relative path probability increases and is in general quite high with about 0.4
percent, as compared to about 0.01 before. The number of possible generating paths is
much smaller when the rare event, which has a larger variance, is directly associated
with a symbol output and not only part of the path.

4.5 Experiments on Rare Symbols

This set of experiments tests the effect of symbols with very small emission probabil-
ities, which we will call rare symbols. Neither the existence or position of such rare



symbols, nor their degree of rareness have an effect on the computation time and mem-
ory requirement. Only the relevant HnMM measures are affected.

The trace contains rare symbols. As the symbol gets rarer, the trace and maximum path
probability decrease linearly (compare Figure 6). When the rare symbol is attached
to a path through the failure state, the relative path probability drops, as the symbol
gets rarer. If the rare symbol is generated by a path through the Maintenance state, the
relative path probability increases slightly.

Fig. 6. Development of Trace Probability and Maximum Path Probability for Decreasing Symbol
Output Probability

The trace contains a symbol which is rare for some transition but not for the another. As
the symbol gets rarer, trace and maximum path probabilities decrease linearly (compare
Figure 6). The relative path probability decreases and then drops sharply.

The trace does not contain rare Symbols. The rareness of the symbol has hardly any
effect on the result values. Only the higher probability of the other output symbols
affects the path and trace probabilities.

4.6 Result Discussion

The experiments showed the following results. If the given output sequence can be gen-
erated by a path containing a rare event, which has a larger variance, the path probability
decreases with the decrease of the rate of the event. The relative probability of the most
likely generating path seems to converge to a fixed value. If the symbol output is di-
rectly associated to the rare event in the path, the number of possible generating paths,
runtime and memory requirement decrease considerably. In general, the existence of
rare events, if these are part of the generating paths, decreases the runtime and memory
requirement of the HnMM Proxel algorithm. This is most likely due to the fact, that the
algorithm discards possible system developments below a given threshold. This prun-
ing does not affect the HnMM results negatively, since only relatively unlikely paths are
discarded, which have no pronounced effect on the overall trace probability. Rare sym-
bols do not affect the algorithm performance measures. They only influence the trace
and path probabilities, which decrease, as the event becomes less frequent.



5 Conclusion

The paper gives an introduction to Hidden non-Markovian Models, which are an ex-
tension of Hidden Markov Models to more general hidden models. A Proxel based
solution algorithm for the evaluation and decoding of HnMM is described. The exper-
iment section investigates the effect of rare events and rare symbols on the algorithm
performance and relevant HnMM result measures. In general one can say, that the effect
of a rare event in the results of Decoding and Evaluation of HnMM is as expected. The
rarer the event, the smaller the probability of the generating paths and traces that in-
volve the rare event. The algorithm performance on the other hand is positively affected
by the existence of rare events. Memory requirement and runtime decrease as the event
becomes rarer.

The algorithm presented holds improvement potential regarding storage schemes
and retrieval strategies. Future work also includes the formalization of HnMM and pos-
sibly the adaption of the original HMM solution algorithms introduced in section 2.1.
Further challenges will arise when examining possible application areas of the proposed
paradigm.

Hidden non-Markovian Models enable the solution of important questions, which
cannot be answered yet today. Therefore, further research in this area is valuable not
only to the academic world. Some application areas of HnMM involve the study of
failure or unusual system behavior, leading to models containing rare events. The pos-
itive effect of rare events on the behavior of the analysis method, which we observed
in our experiments, seems promising. It suggests that HnMM and the described Proxel
solution algorithm are very well applicable to the analysis of models containing rare
events.
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