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ABSTRACT

Performability modelling and analysis is used as a measure of both
performance and dependability of, mainly, fault-tolerant systems.
Proxels are a paradigm that provides deterministic analysis of dis-
crete stochastic models which contain general types of distribu-
tion functions, which is not otherwise possible using the standard
approaches, such as discrete-event simulation or Markov reward
modelling. Because of the flexible definition of the proxels, they
can easily be extended to provide a widely-applicable approach to
performability modelling.

Proxels work in such a way that they track the complete behav-
iour of the system and correspondingly distribute the probability,
depending on the distribution functions and the time spent in each
discrete state without anything happening (denoted as age inten-
sity of the state change). Therefore the term state with respect to
the proxels has been extended to include the age intensities of the
relevant state changes.

In this paper we establish the framework for proxel-based per-
formability modelling and analysis, as well as for general reward
modelling. Two types of rewards are considered, impulse (asso-
ciated with transitions) and rate rewards (associated with discrete
states). The advantage of the proxel-based simulation is that both
types of rewards can be modelled as functions of any other time-
dependent quantity of the model, and models with general types of
distribution functions can be analysed in a deterministic way.

For the purpose of demonstrating the method, we will include
an example which will show in detail how the method works. Dis-
cussion and comparisons with some of the existing approaches will
be included too, which will provide more insight into the advan-
tages of the proxel-based method.

1. GOALS AND INTRODUCTION

The goal of this paper is to show how the basic proxel-based method
can be adapted for doing performability analysis of discrete sto-
chastic models. In that sense, establishing the formalities that are
behind the adaptation process are the subject of the paper.

The motivation for this new application field of the proxel-
based method is a recent practical experience with the method for
analysing a warranty model, a project which we carried out for
DaimlerChrysler, as described in [1]. The model that we needed to
analyse involved manipulating impulse rewards in order to analyse
the costs. It turned out to be a straightforward adaptation of the
basic proxel method, without imposing any additional significant
complications with respect to the computational and memory com-
plexity of the implementation. Based on that experience we re-
alised that the method can be useful for carrying out a more gen-

eral performability analysis which also includes reward rates and
that is the topic that we treat here.

As a beginning this section will give a short overview on the
performability theory and the proxel-based method, as well as present
and discuss some of the more popular existing approaches. Further
we will describe and explain why the proxels are a good option for
carrying out performability analysis of discrete stochastic systems
and describe how it is to be achieved. To aid the comprehension
and show how it works in practice, in the experiments’ section we
introduce an example model which we than use to test two differ-
ent cases of performability modelling. Finally, in our last section
we give a brief summary and an outlook of our previous and future
research with respect to the topic of the paper.

1.1. Performability Modelling

Performability modelling [2] is a modelling approach to simulta-
neously evaluating both the performance of a stochastic system
and its dependability. This measure is of an especial importance
when analysing fault-tolerant systems whose performance depends
on many components which fail and get repaired, i.e. behave, in a
stochastic manner.

Performance alone is a measure of how efficient one system
is (can be measured as throughput, response time, etc.), whereas
dependability is a measure of its ability to function correctly over
a specific period of time i.e. how reliable it is. Reliability (or de-
pendability) of a discrete and stochastic systemScan be expressed
mathematically in the following form:

R(t) = Pr(S operates correctly in [0, t)). (1)

If we now denote the lifetime of a system byL, andF is the distri-
bution function ofL, then the reliability of the system at timet can
be computed as

R(t) = Pr(L > t) = 1− F (t). (2)

In common words, performability modelling tries to evaluate
and answer the following question:

How much work will be done (lost) in a given interval by a given
system including the effects of its failures and repairs?

and find the function that describes it. The work is then the ac-
cumulated performance over the given time interval, given that it
changes over time depending on the operativeness of the separate
components of the system i.e. theperformability.

The performance of the system is measured using a reward
function P (DS, τ) which evaluates its efficiency in each of its
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discrete states (DS) and can also be dependent on the time spent in
it i.e. τ , or the global simulation time.

One of the most common tools for modelling and performa-
bility analysis are Markov-reward models, which operate by first
constructing the continuous-time Markov chain that represents the
model:

X = {X(t), t ≥ 0} (3)

and assigningreward rates or functionsto each of the states in it.
The reward rates estimate the performance of the system in each
state. They can be obtained using performance analysis of the sys-
tem, which means running the system in every possible config-
urations and evaluating the measure that characterises its perfor-
mance, which is than denoted as a reward rate of that configuration
(state).

The goal of performability modelling is to obtain some the
following measures, depending on their relevancy:

• the expected performanceof the system at a certain point
in time, taking in account the effects of failures, repairs and
all of the other possible conditions of the system,

• the time-averaged performanceof the system over a time
interval(0, t),

• theamount of work accomplishedover a time interval(0, t),
etc.

The last one (the amount of work accomplished) is calculated as
the accumulated reward in the time interval[0, t) and denoted as
Y (t). The time-averaged performance (W (t)) is then calculated
as

W (t) = Y (t)/t. (4)

Y(t) is generally more useful for Markov-reward models that con-
tain absorbing states, and W(t) for the rest of them. The biggest
drawback of this method is that it is not directly applicable to mod-
els that contain generally distributed events i.e. it can only analyse
models with exponentially distributed activities.

One another common tool for performing performability mod-
elling arestochastic reward nets(SRNs) [4], which are based on
generalised stochastic Petri nets. Because of the equivalence be-
tween the GSPNs and Markov chains, SRNs can be mapped onto
Markov-reward models by associating rewards to all tangible mark-
ings.

Recently there has been a tool introduced, TimeNET [5], that
carries out performability analysis of a wide class of stochastic
Petri nets (SPNs) with generally distributed firing delays (includ-
ing even coloured SPNs). The tool, however, has restrictions on
the number of non-exponentially distributed times with respect to
the quality and type of analysis that it can provide. Its determin-
istic approach works on basis of a reachability graph, which lim-
its the tool to bounded models. None of this limitations exist for
the proxel-based method, which on the contrary, creates the state
space on-the-fly and does not have any restrictions with respect to
the number and type of distribution functions.

1.2. Proxels

Proxel-based method is a recently introduced approach [3] for de-
terministic analysis of discrete stochastic models. Its basis is the
method of supplementary variables [6], which introduces addi-
tional variables to the discrete states of the model, which track
the time that the model spends there without a state change hap-
pening with respect to the possible state changes and based on it

calculates their probabilities. The elapsed time is referred to as
an age intensityof the discrete state change. The vector which
captures the relevant age intensities in a certain discrete state com-
bined with the discrete state forms what is known asstatein the
proxel terminology.

The function which defines the rate with which a state change
happens within a smalldt → 0, if it has been pending for a time
period oft is known as theinstantaneous rate function(IRF) and
calculated as follows

IRF (t) =
f(t)

1− F (t)
(5)

where f (t) and F(t) are the density and the cumulative distribu-
tion functions, correspondingly. This makes it possible to com-
pute probabilities for any state change if we know the amount of
its pending time.

The method works by observing all of the possible develop-
ments in the dynamics of the model at every time step, in terms of
state changes, with respect to the discretised simulation time. Hav-
ing said that, proxel is a computation unit that tracks the behaviour
and is defined as following

Proxel = (DS,~τ, t, R, Pr) (6)

where

• DS is the discrete state of the system,

• ~τ is the age intensity vector which stores the age intensities
of the relevant state changes with respect toDS,

• t is the global simulation time,

• R is the route of discrete states that lead toDS, and

• Pr is the probability for having all of the previous condi-
tions fulfilled, i.e. that the model is in the discrete stateDS
with an age intensitiesτ at timet, having been through the
route of discrete statesR.

More about the method and the algorithms behind it can be
found in [3][7]. In the following sections we explain the proxel-
based method in conjunction with the additions for tracking per-
formability measures. There is also presented an algorithm that
shows the way that the method works.

2. PERFORMABILITY MODELLING USING PROXELS

In this section we describe how performability modelling can be
carried out by using proxels and formalise the connection. Per-
formability analysis in general works by accumulating and manip-
ulating rewards. There are two types of rewards that are treated
in this paper: rate and impulse rewards. Rate rewards are associ-
ated with discrete states and impulse rewards are associated with
state changes. When measuring performability of one system, rate
rewards are the evaluations of the performance of the system in
different discrete states. Both can either be constant values, or
functions of different parameters.

In the proxel-based approach the model is represented as a sto-
chastic processX = {X(t), t ≥ 0} which is defined on a set of
discrete statesDS = {DS0, DS1, . . .}, whose state changes are
distributed according to certain distribution functions. We are cur-
rently working on a new proxel-adapted model description frame-
work, but there has not yet been a publication on that to which we
could refer to, so we will use the way of describing models that we
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have been using until now, which is by using standard state space
diagrams. Performance in that case is defined as a function of the
discrete states of the model:

rr : DS → <, or (7)

rr : DS ×< → < (8)

whereDS is the discrete state space of the model. The second de-
finition (8) shows that the performance can also be a function of
another parameter, besides the discrete state (such as simulation
time, age intensity, or the number of times that it has failed, calcu-
lated as impulse reward). Impulse rewards are defined in a similar
way, except that they are functions of the state changes. Analo-
gously we have:

ir : DS ×DS → <, or (9)

ir : DS ×DS ×< → <. (10)

If the performance of the system is dependent on anything else
besides the discrete state of the model, then that element has to be
included in the discrete state of the system as an additional vari-
able. For example, in a situation where the performance of the
system decreases following a given function, proportional to the
number of times that a certain component has failed, the number
of failures has to be included in the discrete state. This is also
a very realistic assumption, which gives an additional credit to
the proxel-based simulation for being able to handle such complex
configurations.

Based on the given definitions, we can define the relevant mea-
sures in perfomability analysis. Some definitions are extracted
from [2]:

• Steady state performability(SSP) is defined as

SSP =
X

i∈DS

πirri (11)

whereπi is the steady state probability of thei-th state,

• Transient performability(TP) is defined as

TP (t) =
X

i∈DS

pi(t)rri (12)

wherepi(t) is the transient probability of discrete stateDSi

at timet

• Expected work accomplished(EW) is defined as

EW (t) =

Z t

0

TP (s)ds (13)

and presents the accumulated transient performability to
time t.

In the proxel-based method, performability measures are com-
puted by tracking the behaviour of the model and accordingly up-
dating them. Therefore, thetransient performability(14) and the
expected work(15) for every time step are computed according to:

TP (k∆t) =
X

∀proxel(prox) at k∆t

Expr,

whereExpr = Pr(prox)(rr(DS(prox)) +

ir(DS(pre(prox)), DS(prox))) (14)

EW (k∆t) =

kX
i=0

TP (i∆t)∆t, where k = dt/∆te (15)

correspondingly, wherePr(prox) is the probability of the proxel
prox andDS(prox) is its discrete state component,pre(prox)
is the predecessor proxel ofprox. The steady state performability
can be implicitly calculated from these two measures.

In Figure 1 an illustration of the proxel-based method and the
calculation of the performability measures is shown. The figures
are, however, simplified to aid the comprehension. The proxel in
this figure has only three components i.e. discrete state, one age in-
tensity and probability value.Succi(DS) denotes one of the suc-
cessor discrete states (i-th) of the discrete stateDS, andInit DS
is the initial one.

Figure 1: Simplified illustration of the initial steps in the proxel-
based performability analysis

The algorithm that describes the proxel-based performability
analysis is shown in Figure 2. There, in lines 13, 14, 18, and 19
the calculations of transitional performability and expected work
are shown, the latter one being of a cumulative nature with respect
to the former one. It can be noticed that the impulse rewards only
appear in lines 13 and 14, i.e. when the state changes happen,
whereas in the case that the model stays in the same discrete state,
they are omitted. In the figure the basic algorithm for proxel-based
analysis is also shown, which operates based on two parallel data
structures (in this case list), one of which stores the proxels from
the previous step and the another for the proxels that are currently
being calculated. This is sufficient because every proxel contains
all of the necessary information in order to compute its successors.

It is noticeable that performability modelling does not intro-
duce any additional complications to the existing algorithm and
fits straightforwardly into the existing framework. In order to show
this practically in the next section we show how the analysis on a
simple example model work.

3. EXPERIMENTS

Here we present a specific model which we found to be appropri-
ate for demonstrating how the proxel-based performability analy-
sis works. The model represents a computer system which has
two different processors that operate at different speeds and have
different properties.

Firstly we will present experiments where the performances of
the separate processors are constant and then ones where they are
functions of additional parameters of the state of the model.

ICMSAO/05-3



Proceeding of the First International Conference on Modeling, Simulation and Applied Optimization, Sharjah, U.A.E. February 1-3, 2005

Figure 2:Simplified algorithm of the proxel-based performability
analysis

3.1. Description of the Example Model

The state diagram of the model that we elaborate and experiment
with is illustrated in Figure 3.

Figure 3:State diagram of the example model

The model has four discrete states:

• UU (both machines up),

• UD (faster machine up and slower down),

• DU (slower machine up and faster down), and

• DD (both machines down),

and each of them has a performance value (reward rate) asso-
ciated with it. The assumption is that one of the processors is 10
times as fast as the other one. That means that we can associate
performance values for the four states as follows

• rr(UU) = 11 WU

• rr(UD) = 10 WU

• rr(DU) = 1 WU

• rr(DD) = 0 WU

where the amount of work that the slower computer can ac-
complish in a time step∆t is the unit for measuring the amount of
work done (WU). The failure distribution functions are the follow-
ing:

• F1 ∼ Weibull(15.0, 1.5)

• F2 ∼ Uniform(3.0, 6.0)

• F3 ∼ Deterministic(3.0)

• F4 ∼ Uniform(1.0, 5.0)

In the same manner as in Figure 1, the illustration of the proxel-
based performability analysis of this model is presented in Fig-
ure 4. The age intensity vector in this case has two components
because that is the maximal number of concurrently active state
changes. The first component maps the age intensity of the first
processor and the second one of the second processor.

Figure 4: Illustration of the initial steps of the proxel-based per-
formability analysis process for the example model

We carried out two sets of experiments with this model, the
results of which follow in the next subsection.

3.2. Results of the Performability Evaluation of the Example
Model

In the first experiment session (we denote it asCase A), we analysed
the model presented in Figure 3 having constant reward rates as
given in the previous subsection. In the both sets of experiments
the simulations were carried out with time step∆t = 0.2 up to
simulation timet = 60.

The simulation results for the transient solution of the model
are shown in Figure 5, where it can be observed that the model
goes ultimately into a steady state, in which the discrete state where
the slower processor is up and the faster down (DU) has the high-
est probability, the second one being the discrete state where both
processors are down (DD, whose reward rate is zero). The other
two discrete states have zero steady state probabilities. Transient
performability evaluation for the same model is shown in Figure 6
where it can be observed that it also has a steady state behaviour
(as expected) which is the product of the discrete state DU and its
reward rate, as the only non-zero value.

Figure 5:Transient probabilities of the four different states
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Figure 6:Transient performability of the model (Case A)

Figure 7:Expected work accomplished of the model (Case A)

The transient solution of the expected work accomplished is
shown in Figure 7, which is the integral of the transient performa-
bility solution, as shown in Figure 6.

It is obvious how the solutions that are obtained are com-
plete and support the process of making decisions about the system
we are analysing, which is a great advantage of the proxel-based
method.

In the second set of experiments (denoted asCase B) we added
an additional dependency to the reward rates, which now are func-
tions of the impulse rewards that track the numbers of failures of
each of the processors. This means that the performance of the
system decreases with each failure that has happened, which is an-
other realistic behaviour. The transient solution of the model in the
second case is the same as in Figure 5 because we do not perform
any changes on the basic model.

It is interesting that in this case (Case B) there are two addi-
tional discrete variables to the discrete states of the model which
trace the numbers of failures for both processors correspondingly.
The proxel-scheme for this case is shown in Figure 8. The first ad-
ditional variable next to the discrete state counts the failures of the
faster processor and the second one of the slower one. The con-
sequence of this change in the model is a larger state space, and
therefore a higher number of proxels generated.

The functions which describe the reward rates of the four dis-
crete states are the following:

• rr(UU) = 11− (f1 + f2)
2 × 0.005

• rr(UD) = 10− f2
1 × 0.005

• rr(DU) = 1− f2
2 × 0.005

• rr(DD) = 0

wheref1 andf2 denote the number of times each of the proces-
sors has failed. In Figure 9 the dependence of the performance on

Figure 8: Illustration of the initial steps of the proxel-based per-
formability analysis process for the example model including the
discrete supplementary variables (Case B)

the total number of failures for the discrete state UU is shown.

Figure 9:Dependence of the performance with respect to the num-
ber of failures for case B

Figure 10:Transient performability of the model (Case B)

In Figures 10 and 11 it can be noticed that the both performa-
bility measures that we analysed have lower values this time, which
is again expected, given that now they depend on the number of
failures that have happened, decreasing the performance of the
whole system faster than in the previous case.

As a comparison of both cases in the following table, the num-
ber of proxels that are generated and the computation times are
shown.

Cases Case A Case B
Number of Proxels 4 119 252 10 160 034
Computation Time ca. 15s ca. 49s

It is obvious that inCase Bmore proxels are generated because
there the state space is extended to include the numbers of failures
of the both processors. This model is also not bounded, which
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Figure 11:Expected work accomplished of the model (Case B)

shows another advantage of the method i.e. the ability to build the
state space on-the-fly.

Another interesting situation to model is when each of the
processors gets replaced by a new one if its performance falls bel-
low a certain threshold. Because of the limited space that will not
be covered in this paper as the examples already show that such
a situation is analysable. So is the case for many other classes of
real-case systems, whose performability analysis is definitely pos-
sible using proxels, at least theoretically. That is a statement we
can make now, as until now we have not been able to find a class
of models for which it would not work.

4. SUMMARY AND OUTLOOK

Proxel-based method as a recently introduced one, until now has
found an application in analysing different classes of stochastic
models. Some of them, worth mentioning here are: analysing
fault-trees [8] and warranty analysis [1].

In this paper another application (inspired by the previous prac-
tical experience) of the proxel-based method was introduced and
formalised, which is performability modelling and analysis of mainly
fault tolerant systems. Because of the flexibility of the proxel-
based method and the proxel definition it is highly adaptive in
analysing complex and realistic situations, which means it has very
low requirements (if any) on simplifying of the model in order to
analyse it. Therefore the treatment of rewards (both impulse and
rate) did not represent an additional load, but instead fitted straight-
forward in the existing framework.

The algorithmic nature of the approach allows to model any
kind of dependencies, thus bringing the model closer to the real-
istic system that it tries to mimic, resulting into analysis results
which until now was not able to be delivered using any of the stan-
dard methods. The intuitiveness of the method is another advan-
tage. It definitely does not require special implementation skills in
order to model any system.

The accuracy of the proxel-based method is a function of the
size of the time step that is being used, which is also true for the
simulation time. The benefit from that is that the method is highly
flexible and compromisible when fast and rough results are needed
at the expense of accuracy. This can be especially useful for op-
timisation for example, when more simulations are needed with
different parameters and the relations among their performability
evaluations are important.

We are aware that the memory complexity of the current im-
plementation is high with respect to the state space of the model.
Therefore we are working on improving it by replacing the infin-

ites support functions by discrete phases [9], which until now has
given some promising results. The method itself performs very
well for distribution functions with finite support because they
have a limited range in which proxels are generated and stored,
because proxels with zero probability are not stored. Another con-
dition from which the method can benefit with respect to the model
is having a higher number of concurrently active state changes,
which makes the time that the model can spend in one discrete
state shorter, making its age intensity values limited, resulting into
a similar effect as the previous condition.

So, it is obvious that classes of models can be distinguished for
which the proxel-based method performs well and those for which
it will be extremely expensive. However, we consider one of the
strongest advantages to be its (until now) unrestricted application
and its ability to analyse models which are hard to be imagined as
doable using other analysis methods.

What still needs to be done with respect to the proxel-based
performability analysis is testing it on real models that are diffi-
cult or maybe impossible to be analysed using the standard ap-
proaches. Another point of future research is adapting the new
proxel-adapted modelling framework to include rewards.
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